For a pair of observables, they are called "incompatible", if and only if the commutator between them does not vanish, which represents one of the key features in quantum mechanics. The question is, how can we characterize the incompatibility among three or more observables? Here we explore one possible route towards this goal through Heisenberg's uncertainty relations, which impose fundamental constraints on the measurement precisions for incompatible observables. Specifically, we quantify the incompatibility by the optimal stateindependent bounds of additive variance-based uncertainty relations. In this way, the degree of incompatibility becomes an intrinsic property among the operators, i.e., state independent. Specifically, we focus on the incompatibility of spin systems. For an arbitrary, including non-orthogonal, setting of a finite number Pauli-spin operators, the incompatibility is analytically solved; the spins are maximally incompatible if and only if they are orthogonal to each other. On the other hand, the measure of incompatibility represents a versatile tool for applications such as testing entanglement of bipartite states, and EPR-steering criteria. Introduction-A distinguished aspect of the quantum theory is that uncertainty relations [1] represent a fundamental limitation on measurement of physical systems; it is generally impossible to simultaneously measure two complementary observables of a physical system without an "uncertainty". Furthermore, uncertainty relations manifest many intrinsic discrepancies between classical and quantum mechanics, leading to applications such as entanglement detection [2, 3] , nonlocality of quantum systems [4] , and EPR-steering criteria [5] [6] [7] [8] 
For a pair of observables, they are called "incompatible", if and only if the commutator between them does not vanish, which represents one of the key features in quantum mechanics. The question is, how can we characterize the incompatibility among three or more observables? Here we explore one possible route towards this goal through Heisenberg's uncertainty relations, which impose fundamental constraints on the measurement precisions for incompatible observables. Specifically, we quantify the incompatibility by the optimal stateindependent bounds of additive variance-based uncertainty relations. In this way, the degree of incompatibility becomes an intrinsic property among the operators, i.e., state independent. Specifically, we focus on the incompatibility of spin systems. For an arbitrary, including non-orthogonal, setting of a finite number Pauli-spin operators, the incompatibility is analytically solved; the spins are maximally incompatible if and only if they are orthogonal to each other. On the other hand, the measure of incompatibility represents a versatile tool for applications such as testing entanglement of bipartite states, and EPR-steering criteria. Introduction-A distinguished aspect of the quantum theory is that uncertainty relations [1] represent a fundamental limitation on measurement of physical systems; it is generally impossible to simultaneously measure two complementary observables of a physical system without an "uncertainty". Furthermore, uncertainty relations manifest many intrinsic discrepancies between classical and quantum mechanics, leading to applications such as entanglement detection [2, 3] , nonlocality of quantum systems [4] , and EPR-steering criteria [5] [6] [7] [8] etc.
One of the most well-known uncertainty relations, between a pair of observables M 1 and M 2 , were formulated in terms of a commutator,
where
is the standard deviation in measuring the quantum state in state |ψ . This uncertainty relation appears in almost every textbook of quantum mechanics, and is regarded as fundamental, connecting the physical concept of incompatibility of observables (IO) with quantum uncertainty.
However, Robertson's inequality cannot be regarded as complete for describing the connection between incompatibility and uncertainty. What if the state |ψ is an eigenstate of M 1 or M 2 ? The left-hand side becomes zero, which makes no difference if M 1 and M 2 are incompatible or not. Another problem occurs when |ψ is an eigenstate of the commutator associated with an eigenvalue zero, which makes the inequality become trivial.
These problems point to the idea that incompatibility cannot be quantified properly when it depends on a quantum state [4, 10] . In particular, Deutsch [10] proposed that uncertainty relations should be expressed in a state-independent form:
where the functional U denotes the total uncertainty, and B labels a state-independent bound, and its value can be taken as a quantitative measure of incompatibility between the observables M 1 and M 2 . Generally, we can show that there is a prevalent issue for state-dependent bounds in uncertainty relations of any form; it can always get improved. Let us suppose we have a statedependent bound B 0 such that U B 0 , we can always define a convex combination, B 1 ≡ λ U − (1 − λ) B 0 to get an improved state-dependent bound: U B 1 B 0 . This is the reason why we are interested in state-independent bounds.
On other hand, state-independent uncertainty relations have been investigated from the information-theoretic perspective [10] [11] [12] [13] [14] [15] [16] [17] [18] , where U is taken to be the sum of entropies of different bases of measurements, e.g., {|u i } and {|v j }, and the lower bound B is given by the overlap of the basis vectors
which is employed to quantify the incompatibility of measurement (IM). An immediate application of entropic uncertainty relations includes detecting entanglement [19, 20] and EPRsteering [7, 8] .
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For uncertainty relations of observables [21] [22] [23] [24] [25] [26] [27] [28] , let us consider a pair of Pauli spin operators S ni and S nj pointing to different directions labeled by a unit vector n j , where
It is known [28] that a state-independent bound, minimized over all possible states ρ, for the additive total uncertainty,
which indicates that the incompatibility, I ( n i , n j ), between the observables S ni and S nj depends on the geometric relation, | n i · n j |, which is the counterpart of c(i, j) (see Eq. (3)) in the entropic uncertainty relations. The spin operators are compatible (I = 0), whenever n 1 · n 2 = 1, which can be achieved by any eigenstate of S n1 . They are maximally incompatible (I is maximized), when the spin operators are orthogonal to each other n 1 · n 2 = 0. A similar result is applicable with c(i, j). Therefore, the entropic uncertainty relations are revealing the incompatibility of different quantum measurements, and the variance-based uncertainty relations are for observables. In this sense, they can be regarded as the two sides of the same coin, i.e.,
The question is, what about three or more observables? How does the lower bound look like? The point is that once we obtain an explicit form of a state-independent bound of a multi-observable uncertainty relation, we can then quantify the incompatibility I ({M j }) for multiple observables
Setting the stage-In this work, we focus mainly on our results in determining state-independent bounds for 2-by-2 Hermitian observables. We shall later present some of the results associated with spin operators. First of all, any Hermitian operator M j can be parametrized by a number and a 3D vector, denoted by a j and b j , i.e., M j = a j I + b j · σ. For any given density matrix parametrized by ρ = (I + r · σ) /2, we have
which means that the variance is independent of the value of the constant a. In other words, we can instead consider the variances of a group of non-orthogonal spin operators (see Eq. (4)), i.e., b j ⇔ n j or
Here we no longer require the vectors n j to be normalized. This result is consistent with the notion of characterizing compatibility with a commutator,
which is independent of the values of a i and a j . The next goal is to determine the incompatibility of the observables of non-orthogonal spins,
where the number of terms N > 1 is any finite integer larger than 1. For a special case of three spins N = 3, and all spin operators are orthogonal among one another, e.g.,
which can be saturated by any pure state of a qubit. We shall see how to recover this result as a special case.
Main results-Let us consider again a general density matrix of a qubit, ρ = (I + r · σ) /2, where r = (x, y, z), together with tr (S ni ρ) = n i · r and tr S 2 ni ρ = n 2 i . First, in terms of the vector r of ρ, we have,
does not depend on r. To minimize the total uncertainty, our strategy is to find the eigenvalues of the following 3-by-3 matrix,
where we have adopted the Dirac notation to denote vectors with three real elements, e.g., | r ≡ r = (x, y, z) T . In this way, we can write
Now, let us first consider the case with two non-orthogonal spins, n 1 , and n 2 . The eigenvalue equation is given by | n 1 n 1 | r +| n 2 n 2 | r = λ | r , which yields the following matrix equation:
. In the case of Pauli spins, where n 1 = n 2 = 1, we have, λ max (A) = 1 + | n 1 · n 2 |, which reduces to the result presented earlier in Eq. (5).
For three or more spins, let us consider the characteristic equation of T , given by the determinant equation, det (xI − A) = 0, or explicitly,
. Therefore, we should expect that the solution of Eq. (17), and also the lower bound of the uncertainty relations, depends on the products of n i · n j , which is consistent with Eq. (5).
Let z ≡ x + τ 1 /3, we have equivalently,
where α = (3τ 2 − τ 2 1 ) /18, and β ≡ τ
In the following, we shall consider the cases where all vectors are normalized, i.e., N i=1 n 2 i = 1 for all spin operators. Then, we have τ 1 = N , τ 2 = N + 2 i<j ( n i · n j ) 2 , and
For the case of three non-orthogonal spins (N = 3), we have τ 1 = 3, τ 2 = 3 + 2 ( n 1 · n 2 + n 2 · n 3 + n 1 · n 3 ), and τ 3 = 3τ 2 − 6 + 6 ( n 1 · n 2 ) ( n 2 · n 3 ) ( n 1 · n 3 ). Furthermore, we found that
is the mean value of the products of ( n i · n j ) 2 , and
The transformed characteristic polynomial in Eq. (18) can be solved analytically, we found that the largest eigenvalue is given by, λ max (A) = 1 + 2α cos cos −1 β/α 3 /3 , which implies that the minimal uncertainty, or the incompatibility, for three non-orthogonal spins is given by,
More generally, for N non-orthogonal spins, we have, 
and
Example 1. For spin-1/2 system, with the following four directiongs n 1 = (1, 0, 0),
Example 2. For spin-1/2 system, with observables S ni , i = 1, 2, 3 such that cos θ 1 = n 2 · n 3 , cos θ 2 = n 1 · n 3 , cos θ 3 = n 1 · n 2 while θ 3 = π/3. We can immediately obtain a numerical table of I for arbitrary given directions θ 1 , θ 2 . It is shown in Table. I. Note that, for binary observables see also the work of J. Kaniewski et. al. [29] .
III. APPLICATIONS
We continue by discussing some instructive applications. First, the use of uncertainty arguments to study entanglement is well known [2] . However, their arguments are based on a unknown global minimum. Since in this section we will discuss a mathematical formulation of entanglement detection, it will be important to review it in detail.
Consider incompatible observables S ni , if there is no simultaneous eigenstate of all S ni , there must be a nontrivial lower limit U for the sum of the uncertainties,
while the bound U is defined as the absolute minimum of the uncertainty sum for any quantum state. It therefore represents a universally valid limitation of the measurement statistics of quantum systems. In general, a bipartite quantum systems between Alice and Bob can be characterized by the assemblages of incompatible observables, {S ni } i and {S ni } j , with the sum uncertainty relations formulated by
Denote the index j as the result of some permutation π, i.e. j = π(i), then the measurement statistics of separable states are limited by the following uncertainty relation
To derive a experimentally feasible criterion for entanglement, U i and U j must have a specific expression. Here, we can overcome this challenge easily. To show this, we consider IO on three incompatible observables. Take measurements S ni and S mi work on bipartite systems respectively, then for separable states, the measurement values are uncorrelated and the total uncertainties are limited by sum of the local uncertainties
Any violation of (29) therefore proves that the measured quantum state cannot be separated. However, entangled states can overcome the limitation I( n 1 , n 2 , n 3 ) + I( m 1 , m 2 , m 3 ), since entanglement describes quantum correlations that are more precise than the ones represented by mixtures of product states. Hence the sum of the incompatibility forms a sufficient condition for the existence of entanglement directly. Note that our method of witnessing entanglement does not involve an (usually experimentally challenging) estimation of the d 2 matrix elements of ρ AB , where d is the dimension of ρ AB .
Next, we consider the EPR-steering scenario [6, 30] : Alice and Bob have local access to subsystems of a bipartite quantum state ρ. Alice chooses one of her measurements a with outcomes A, similar for Bob. Then a no-EPR-steering model for Bob is with probability distributions p(A|a, λ) and p(λ) under "past factor" λ [31] . And p Q (B|b, λ) represent probability distributions for outcomes B which are compatible with a quantum state.
Following [6] , if Alice tries to infer the outcomes of Bob's measurements through measurements on her subsystem. We denote by B est (A) Alice's estimate of the value of Bob's measurement b as a function of the outcomes of her measurement a. The corresponding average inference variance of B given estimate B est (A) is defined by
and its minimum is
here the mean B A is over the conditional probability p(B|A). Under the no-EPR-steering model, we can derive a bound for
where ∆ 2 Q (B|λ) represents the probability for B predicted by a quantum state ρ λ . Consequently, we can derive the following uncertainty relations for the no-EPR-steering model
Here we have shown that it follows directly from the no-EPR-steering model. Its experimental violation implies the failure of the local hidden states (LHS) model to represent the outcomes statistics, in another words, it is an experimental demonstration of EPR-steering. It is important to remark that the spin S n1 , · · · , S nm used by Alice to infer the values of the corresponding measurements of Bob are arbitrary.
Moreover, its lower bound only depends on the incompatibility I( n 1 , · · · , n m ).
Rather than trying to build EPR-steering criterion, our method shall show a deeper relation among the incompatibility, uncertainty and quantum correlations. If the shared state ρ AB is separable or satisfied the LHS model, by measuring its subsystems, we can derive a specific lower bound based on the incompatibility.
IV. CONCLUSION
To summarize, we proposed a general framework for detecting entanglement and characterizing steering based on variance-based uncertainty relations. By virtue of the incompatibility between observables (IO), we derived the stateindependent lower bound for variance-based uncertainty relations. The relations between the incompatibility between observables (IO) and its geometrical representations are also given. As illustrations, we showed uncertainty relations are just the mathematical formulations of incompatibility between observables, and that is why both entropic uncertainty relations and variance-based uncertainty relations can be used to detect entanglement and characterize steering. Our work established intriguing connections among a number of fascinating subjects, including Lie theory, quantum foundations, uncertainty principle, quantum correlations and the geometry of quantum state space, which are of interest to researchers from diverse fields. In addition, our work has reveal a deeper theory behind uncertainty relations, the incompatibility between observables.
Note added. After this work was completed, independently, Schwonnek, Dammeier, and Werner [32] proposed a numerical method for locating a state-independent bound for the sum of the variances, and employed them for detecting entanglement. Here we provided an analytic form for the variances of spin observables, and utilize it for testing EPR-steering criteria, in addition to entanglement detection.
